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In this contribution, the Desai hierarchical model is extended to the case of 3D elasto-plastic two-phase micropolar con-
tinuum. An unconditionally stable implicit Euler backward algorithm for integration of the constitutive relations is devel-
oped and presented in detail. The regularizing eﬀect of the introduction of a length parameter to the classical Desai model
is demonstrated by means of several case studies of single phase and two-phase porous media.
 2006 Elsevier Ltd. All rights reserved.
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In the ﬁnite element analysis of geotechnical problems, the choice of an appropriate constitutive model may
have signiﬁcant inﬂuence on the numerical results. Desai (1980) has proposed a hierarchical constitutive model
for simulation of the elastoplastic response of a broad range of engineeringmaterials. The hierarchical approach
permits evolution of models of progressively higher order from the basic one. Hence, many of the most impor-
tant mechanical characteristics of geotechnical materials such as isotropic and anisotropic hardening, softening,
pressure sensitivity, associated and non-associated plasticity can be simulated by means of this approach.
Strain localization is a typical example of the utilization a constitutive model for capturing the highly local-
ized inelastic deformation that may occur in a deforming medium. However, ﬁnite element simulations of
strain localization are known to lead to mesh sensitivity when the classical continuum models without enrich-
ment are considered (Needleman, 1988; Loret and Prevost, 1990; Sluys, 1992). These and several other authors
have demonstrated that the use of classical continuum models for strain localization simulation can result to
ill-posed problems in the numerical solution of the governing ﬁeld equations.
In order to obtain a meaningful representation of the continuum response in the presence of strain local-
ization, much eﬀort has been devoted in recent years to devise regularization strategies able to both, simulate0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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erning equations. In the case of single phase solids, several formulations have been proposed in the literature
like rate dependent constitutive models (Needleman, 1988; Loret and Prevost, 1990; Sluys, 1992), viscoplastic
models (Sluys and de Borst, 1992), non-local integral models (Eringen and Edelen, 1972), gradient dependent
models (Mu¨hlhaus and Aifantis, 1991) and micropolar continua (Mu¨hlhaus and Vardoulakis, 1987; de Borst,
1991; Steinmann, 1994).
In the case of two-phase material, numerical simulations of strain localization have evidenced that mesh
dependency is not severe as in single phase materials. The reason is that the permeability, embedded in the gov-
erning ﬁeld equations through Darcy’s law, plays the role of an internal length measure thus to regularization
(Loret and Prevost, 1991; Schreﬂer et al., 1995, 1996; Ehlers and Volk, 1998; Liu et al., 2001; Liu et al., 2004b).
In the micropolar continua approach, the introduction of additional micropolar degrees of freedom (follow-
ing the work by the Cosserat brothers, 1909) into the constitutive formulation introduces internal length-scale
parameters which prevent loss of well-posedness of the system equations. Mesh independence is thus ensured.
In this contribution, a generalized ﬁnite element based formulation is developed for 3D elasto-plastic two-
phase micropolar continua. An unconditionally stable, implicit Euler backward algorithm for the integration
of the micropolar continuum constitutive equations is also presented in detail. By means of these, the Desai
hierarchical model is extended to the case of micropolar continua introducing thus a regularizing eﬀect on the
classical formulation of the model.
In order to investigate the signiﬁcance of the regularizing eﬀects of both, the micropolar degrees of freedom
and the permeability, ﬁnite element analyses of strain localization in single and two-phase materials are carried
out in the last part of this contribution. The inﬂuence of the additional micropolar parameters and solid-ﬂuid
interactions on the formation of localization is investigated numerically. Mesh independence of the micropolar
formulation of the Desai hierarchical model is veriﬁed.2. 3D micropolar continuum formulation
Herein, on the basis of the original work by de Borst (1991, 1993) for the case of 2D micropolar continua,
the generalized formulation for a 3D micropolar continua is presented. For a 3D micropolar continuum, at
each material integration point, the following nine stress components are deﬁned:~r ¼ rxx; ryy; rzz; rxy; ryx; ryz; rzy; rzx; rxz½ T ð1Þ
and the following nine couple-stress components:~m ¼ mxx; myy; mzz; mxy; myx; myz; mzy; mzx; mxz½ T ð2Þ
in which the components mxx, myy, mzz are the torsion couple-stresses.
The stress vector r in Eq. (1) and couple-stress vector ~m in Eq. (2) can be assembled in a vector of general-
ized Cosserat stress r ¼ ~r; ~m½ T.
Similarly, the nine independent strain components are:~e ¼ exx; eyy; ezz; exy; eyx; eyz; ezy; ezx; exz½ T ð3Þ
and the nine independent micro-curvatures:~j ¼ jxx; jyy; jzz; jxy; jyx; jyz; jzy; jzx; jxz½ T ð4ÞThe relation between strains and nodal degrees of freedom are deﬁned asexx ¼ ouxox ; eyy ¼
ouy
oy
; ezz ¼ ouzoz ;
exy ¼ ouyox  xz; eyx ¼
oux
oy
þ xz;
eyz ¼ ouzoy  xx; ezy ¼
ouy
oz
þ xx;
ezx ¼ ouxoz  xy ; exz ¼
ouz
ox
þ xy
ð5Þ
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freedom. The relation between rotations and the micro-curvatures is speciﬁed asjxx ¼ oxxox ; jyy ¼
oxy
oy
; jzz ¼ oxzoz ;
jxy ¼ oxyox ; jyx ¼
oxx
oy
;
jyz ¼ oxzoy ; jzy ¼
oxy
oz
;
jzx ¼ oxxoz ; jxz ¼
oxz
ox
ð6ÞThe strain vector ~e in Eq. (3) and the micro-curvature vector ~j in Eq. (4) can be also assembled in a vector
of generalized Cosserat strain e ¼ ~e; ~j½ T.
By introducing the operator matrix L, the relation between the generalized strains e and nodal degrees of
freedom u can be written ase ¼ Lu ð7Þ
in whichu ¼ ux; uy ; uz; xx; xy ; xz½  ð8Þ
The elastic relation between stress and strain isr ¼ De : e ð9Þ
in whichDe ¼ diag D1; D2; D2; D2; D3;½  ð10Þ
andD1 ¼
2lc1 2lc2 2lc2
2lc2 2lc1 2lc2
2lc2 2lc2 2lc1
2
64
3
75 ð11Þ
D2 ¼
lþ lc l lc
l lc lþ lc
 
ð12Þ
D3 ¼ diag 2ll2t ; 2ll2t ; 2ll2t ; 2ll2c ; 2ll2c ; 2ll2c ; 2ll2c ; 2ll2c ; 2ll2c
  ð13Þwith c1 = (1  m)/(1  2m) and c2 = m/(1  2m). l = E/2(1 + m). E is Young’s modulus and m is Poisson’s ratio.
Note that lc, lc, lt are three additional material parameters. lc is related to the bending couple-stress and lt to
the torsional couple-stress.
The generalized strain tensor e can be decomposed into deviatoric and volumetric parts ase ¼ eþ evI ð14Þ
in whichev ¼ 1=3ðexx þ eyy þ ezzÞ ð15Þ
I ¼ 1; 1; 1; 0; 0; 0½ T ð16ÞThe ﬁrst stress invariant I1 can be deﬁned similarly to the classical continuum case asI1 ¼ rxx þ ryy þ rzz ð17Þ
The stress vector ~r in Eq. (1) can be expressed in tensor notation as the sum of a deviatoric and a volumetric
stress tensor~r ¼ ~sþ pI ð18Þ
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Before it is possible to construct the second and third generalized stress invariants, the moment terms of the
Cosserat stress tensor have to be substituted by stress equivalents. Also, it is desired to utilized only the sym-
metric components of the deviatoric stress ~s. Both of these objectives can be achieved by pre-multiplying
~s; ~m½ T by matrix Ps
m
 
¼ P  ~s
~m
 
ð20ÞwithP ¼ diag P1; P2; P2; P2; P3½  ð21Þ
andP1 ¼ diag 1; 1; 1½  ð22Þ
P2 ¼
a1 a2
a2 a1
 
ð23Þ
P3 ¼ diag a3=lt; a3=lt; a3=lt; a3=lc; a3=lc; a3=lc; a3=lc; a3=lc; a3=lc½  ð24Þ
in which a1, a2 and a3 are additional material parameters. The choice a1 = a2 = 1/2 and a3 = 1 (de Borst, 1991)
is adopted to ensure that the classical continuum expression for the invariants is properly retrieved. Then, for a
micropolar continuum, in index notion, the second invariant of the deviatoric stresses can be written asJ 2 ¼ 1
2
ðsijsij þ mij mijÞ i; j ¼ 1::3 ð25Þand the third stress invariant J3 asJ 3 ¼ 1
3
ðsijsjksik þ mij mjk mikÞ i; j; k ¼ 1::3 ð26ÞOn the basis of the deﬁnitions of Eqs. (25) and (26), most J2 or J3 plasticity models can be generalized to
micropolar continua.3. Governing equations for porous media
The governing equations for the description of the motion of a porous medium are formulated on the basis
of modern mixture theory, see Bowen (1976), Ehlers (1989), Lewis and Schreﬂer (1998) and Liu (2003). The
porous medium is postulated to be a mixture, consisting of two basic continua, solid and water, superimposed
in time and space.
In order to establish governing equations that describe the phase interaction in the two-phase micropolar
continuum, three balance laws are needed. These are the momentum balance, the moment of momentum
balance and the mass balance.
The balance of momentum equation for the whole two-phase medium is expressed byqa div ~~r qg ¼ 0 ð27Þ
where a is the acceleration vector, g is the gravity, q = (1  /)qs + /qw is average mass density in which the
subscripts ‘s’, ‘w’ indicate solid and water phase, / represents the porosity. ~~r represents the total non-symmet-
ric Cauchy stress tensor consisting of the micropolar solid continuum eﬀective stress tensor ~r of Eq. (1) and a
volumetric component due to the excess water pressure pw~~r ¼ ~r ~a  I  pw ð28Þ
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moduli of the solid grains (Biot, 1941; Ziekiewicz and Shiomi, 1985).
The balance of moment of momentum for the solid phase of the two-phase medium (Eringen, 1976; de
Boer, 1982; Ehlers and Volk, 1997), can be expresseddiv ~m E : ~r ¼ 0 ð29Þ
in which E is the permutation tensor and ~m is the couple stress tensor of Eq. (2).
The mass balance equations for the solid and water phase can be written respectively asDsð1 /Þqs
Dt
þ qsð1 /Þdivvs ¼ 0 ð30Þ
Dw/qw
Dt
þ qw/divvw ¼ 0 ð31Þwhere Da/Dt is the material time derivative operator with respect to ath phase. va is the diﬀusion velocity.
The terms of the ﬂuid (water) velocity relative to the solid phase is determined by means of Darcy’s law
(Hassanizadeh, 1986; Coussy, 1995) as/vws ¼ k krw
lw
rðpw þ qwghÞ ð32Þin which h is the head above some arbitrary datum, k is the absolute permeability matrix of the medium which
depends only on the current geometry of the porous network through which the ﬂuid ﬂow occurs, krw is the
relative permeability of the water phase which is equal to one at the fully saturated condition, lw is the dy-
namic viscosity of water phase.
On the basis of Eqs. (30)–(32), after rearrangement, the mass balance equation for the solid–water mixture
is expressed asQw  Dpw
Dt
þ ~a  divvs  div k krw
lw
rðpw þ qwghÞ
 
¼ 0 ð33Þin which Qw ¼ ð~a/ÞK þ /Kw, Kw is the bulk modulus of water.
Eqs. (27), (29) and (33) constitute the general governing ﬁeld equations that can be utilized to simulate the
dynamic, static or quasi-static behaviour of fully saturated micropolar continuum. The solution of the govern-
ing equations can be obtained numerically by means of the Newton–Raphson iterative procedure (Liu and
Scarpas, 2005).4. Computational plasticity
The implicit Euler backward integration algorithm has been studied extensively in the past, e.g. Wilkins
et al. (1964), Krieg and Key (1976), Ortiz and Popov (1985), Simo and Taylor (1986), Aravas (1987) and Simo
and Hughes (1998). It is a particular case of an elastic predictor plastic corrector algorithm in which a purely
elastic trial state is followed by a plastic corrector phase (return mapping). The purpose of the latter is to
enforce consistency at the end of the step in a manner consistent with the prescribed ﬂow rule. In the follow-
ing, and in order to set the stage for the discussion in subsequent sections, the basic steps of a generalized
implicit Euler backward algorithm for integration of 3D constitutive models are brieﬂy presented.
Mathematically, at the end of the time increment n + 1, the yield surface is deﬁned asF ðrnþ1; anþ1Þ ¼ 0 ð34Þ
where a is an evolution function which characterizes the size of the surface and hence is utilized to control the
amount of material hardening or softening. The incremental form of the hardening/softening parameter a in
Eq. (34) can be deﬁned asDa ¼ Dkgðrnþ1; anþ1Þ ð35Þ
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scalar multiplier.
During plastic ﬂow, the total stress r at the end of the time increment n + 1 is obtained byrnþ1 ¼ re  DkDe : Nðrnþ1; anþ1Þ ð36Þ
with re = rn + D
e:De being the ‘elastic predictor’, N(r,a) = oQ/or is the direction of plastic ﬂow.
For a 3D micropolar continuum, Eqs. (34)–(36) form a system of 1 + 1 + 18 = 20 non-linear equations
with 20 unknowns (Dk,an+1,rn+1) at time n + 1. The Newton–Raphson method is utilized for the solution
of the system of non-linear equations. The function form of Eqs. (34)–(36) can be rewritten asF ¼ F ðrnþ1; anþ1Þ ¼ 0 ð37Þ
G ¼ rnþ1  re þ DkDe : Nðrnþ1; anþ1Þ ¼ 0 ð38Þ
S ¼ anþ1  an  Dkgðrnþ1; anþ1Þ ¼ 0 ð39ÞDropping the subscript n + 1 for clarity, the correction dDkk drk dak
 	T
to the kth estimate of the solu-
tion is calculated fromoF
oDk
oF
or
oF
oa
oG
oDk
oG
or
oG
oa
oS
oDk
oS
or
oS
oa
2
64
3
75 dDk
k
drk
dak
8><
>:
9>=
>; ¼ 
F ðrk; akÞ
GðDkk; rk; akÞ
SðDkk; rk; akÞ
8><
>:
9>=
>; ð40ÞComputation of the individual terms of Eq. (40) is shown in the next section.
5. Micropolar continuum formulation of the Desai hierarchical model
In this contribution, the Desai yield function as proposed by Desai (1980) in the context of the hierarchical
approach is generalized to micropolar continua.
One attractive feature of the surface is that it includes most of the currently common used plasticity models
as special cases. The surface is continuous and hence avoids the problems of multisurface models. The chosen
form of the model yield function is given byF ¼ J 2
p2a
 a  I1 þ R
pa

 n
þ c  I1 þ R
pa

 m 
 F s ¼ 0 ð41Þwhere I1 and J2 are the ﬁrst and second stress invariants which are deﬁned in Eqs. (17) and (25) respectively, pa
is the atmospheric pressure with units of stress, parameter m controls the non-linearity of the ultimate surface
(Liu et al., 2004a), R represents the triaxial strength in tension, Fs is the function related to the shape of the
ﬂow surface in the octahedral plane asF s ¼ ð1 b  cos 3hÞ0:5 ð42Þ
where cos 3h ¼ 3 ﬃﬃﬃ3p =2  J 3=J 3=22 and J3 is the third invariant of the deviatoric stress deﬁned in Eq. (26), h is the
Lode angle.
The isotropic hardening/softening of the material is described by means of parameter a. Parameter c is
related to the ultimate strength of the material. It denotes the slope of the ultimate stress response surface.
Parameter n is related to the state of stress at which the material response changes from compaction to
dilation.
In the hierarchical approach, a non-associative model is obtained by deﬁning the potential function as a
correction/modiﬁcation to the yield function. Thus, the plastic potential Q is expressed asQ ¼ J 2
p2a
 aQ  I1 þ Rpa

 n
þ c  I1 þ R
pa

 m 
 F s ð43Þin whichaQ ¼ aþ jcða0  aÞð1 vvÞ ð44Þ
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(44) is the non-associative material parameter. The parameter vv controls the contribution of volumetric plas-
tic deformation to the expansion of the potential surface and is deﬁned by vv = nv/n .
For a 3D micropolar continuum, the eﬀective plastic strain n can be deﬁned byn ¼
Z
½ðdepÞTRdep1=2 ð45Þwhere dep represents the 18 independent incremental plastic strain components. The matrix R readsR ¼ diag R1; R2; R2; R2; R3½  ð46Þ
in whichR1 ¼ diag 1; 1; 1½  ð47Þ
R2 ¼
a1 a2
a2 a1
 
ð48Þ
R3 ¼ diag a3l2t ; a3l2t ; a3l2t ; a3l2c ; a3l2c ; a3l2c ; a3l2c ; a3l2c ; a3l2c
  ð49ÞIn similarity to Eq. (21), the choice a1 = a2 = 1/2 and a3 = 1 is adopted. It should be noted that, the def-
inition of R in Eq. (46) is diﬀerent than that of P in Eq. (21). Substituting relation Dep = DkN(r,a) into Eq.
(45) it resultsn ¼
Z
½NTðr; aÞRNðr; aÞ1=2 dk ð50ÞFor a 3D micropolar continuum, the volumetric nv and the deviatoric nd components of n are deﬁned bynv ¼
Z
1ﬃﬃﬃ
3
p ½depvdepv 1=2 ¼
Z
1ﬃﬃﬃ
3
p oQ
op
dk ¼
Z
½N v dk ð51Þ
nd ¼
Z
½ðdepÞTRdep1=2 ¼
Z
½NTRN1=2d dk ð52ÞRewriting Eqs. (51) and (52) in incremental form givesDnv ¼ N vDk ð53Þ
Dnd ¼ ½NTRN1=2d Dk ð54ÞIn order to apply the implicit integration algorithm to the current constitutive model, the expressions of the
derivative terms in Eq. (40) need to be deﬁned according to the hardening and softening phases respectively.5.1. Hardening phase
For simulation of the hardening response of the material, parameter a of the modiﬁed yield function in Eq.
(41) is expressed as a function of both volumetric and deviatoric hardening components, av and ada ¼ gh  av þ ð1 ghÞ  ad ð55Þ
whereav ¼ a1  eb1nv ð56Þ
ad ¼ c1  1 ðM
0Þ2
27c
 nd
d1 þ nd

 2
 3pc
pa

 ð2mÞ" #
ð57Þ
gh ¼
nv
nv þ nd
ð58Þ
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parameters. The ratio gh in Eq. (58) denotes the contribution of volumetric hardening to the overall material
hardening response. Details of the development of mathematical expressions for av and ad including the deter-
mination of the corresponding hardening parameters are presented in Liu et al. (2004a).
The incremental form of a using Eqs. (35) and (55) can be expressed asDa ¼ anþ1  an ¼ Dk  g rnþ1; anþ1ð Þ ¼ oaoav 
oav
onv
 Dnv þ
oa
oad
 oad
ond
 Dnd ð59Þwhereoa
oav
¼ gh;
oav
onv
¼ a1b1eb1nv ; oaoad ¼ ð1 ghÞ;
oad
ond
¼  2c1d1ndðd1 þ ndÞ3By substituting above individual terms into Eq. (59) and using Eqs. (55),(59) can be rewritten asDa ¼ anþ1  an ¼ Dk  g rnþ1; anþ1ð Þ ¼ ½anþ1 þ ðgh  1Þ  ad  b1  Dnv þ
2c1d1ðgh  1Þnd
ðd1 þ ndÞ3
 Dnd ð60ÞBy substituting Eqs. (53) and (54) into Eq. (60) it resultsDa¼ anþ1  an ¼ Dk  g rnþ1; anþ1ð Þ ¼ Dk  ½anþ1 þ ðgh  1Þ  ad  b1 N v þ
2c1d1ðgh  1Þnd
ðd1 þ ndÞ3
 ½NTRN1=2d
( )
ð61Þ
Apparently, the function of the stress and the hardening parameter g (rn+1,an+1) in Eq. (61) can be deﬁned
asgðrnþ1; anþ1Þ ¼ ½anþ1 þ ðgh  1Þ  ad  b1  ½N v þR  ½NTRN1=2d ð62Þ
withR ¼ 2c1d1ðgh  1Þndðd1 þ ndÞ3
ð63ÞAfter rearrangement of Eq. (61), it resultsanþ1 ¼ an þ Dkfðgh  1Þ  ad  b1  N v þR  ½N
TRN1=2d tg
ð1 Dk  b1  N vÞ ð64ÞAlsoog
oa
¼ b1  nv þ gh  av  b1 
oN v
oa
þR  o½N
TRN1=2d
oa
ð65Þ
og
or
¼ ½anþ1 þ ðgh  1Þ  ad  b1 
oN v
or
þR  o½N
TRN1=2d
or
ð66Þ5.2. Softening phase
Simulation of the material softening phase can be achieved by means of specifying the variation of param-
eter a, after response degradation initiation, as an increasing function of the monotonically varying equivalent
post fracture plastic strain npfa ¼ aR þ gs  ðau  aRÞ ð67Þ
in whichgs ¼ ej1npf ð68Þ
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respectively. The parameter j1 is a material parameter that determines the material degradation rate (Liu
et al., 2004a).
In similarity to the hardening phase, the post fracture plastic strain npf is also deﬁned by means of Eq. (45)
where now dep represents the 18 independent incremental plastic strain components but measured from the
moment of material strength degradation initiation.npf ¼
Z
½dkNTðr; aÞRdkNðr; aÞ1=2 ¼
Z
½NTRN1=2 dk ð69ÞFollowing a similar approach as previously, the incremental form of a in softening phase can be expressedDa ¼ anþ1  an ¼ Dk  g rnþ1; anþ1ð Þ ¼ Dk  g1  ðaR  anþ1Þ  ½NTRN1=2 ð70ÞApparently, the function of the stress and the softening parameter g (rn+1,an+1) in Eq. (70) can be deﬁned
asgðrnþ1; anþ1Þ ¼ g1  ðaR  anþ1Þ  ½NTRN1=2 ð71ÞAfter rearrangement of Eq. (70), it resultsanþ1 ¼ an þ Dk  g1  aR  ½NRN
1=2
1þ Dk  g1  ½NRN1=2
ð72ÞAlsoog
oa
¼ g1 ½NTRN1=2 þ ðanþ1  aRÞ
o½NTRN1=2
oa
" #
ð73Þ
og
or
¼ g1  ðaR  anþ1Þ 
o½NTRN1=2
or
ð74ÞThe remaining derivatives that appear in Eq. (40), both for hardening and softening phases, are deﬁned by
following:oF
or
¼ oF
orij
¼ oF
oI1
oI1
orij
þ oF
oJ 2
oJ 2
orij
þ oF
oJ 3
oJ 3
orij
ð75Þ
oF
oa
¼ o
oa
 a I1 þ R
Pa

 n
þ c I1 þ R
Pa

 m 
 F s
 
¼ I1 þ R
Pa

 n
 F s ð76Þ
oF
oDk
¼ oF
oa
 oa
oDk
ð77Þ
oS
oa
¼ 1 Dk og
oa
ð78Þ
oS
or
¼ Dk og
or
ð79Þ
oS
oDk
¼ g ð80Þ
oG
or
¼ Iþ Dk o
or
ðDe : NÞ ð81Þ
oG
oa
¼ Dk o
oa
ðDe : NÞ ð82Þ
oG
oDk
¼ De : N ð83Þ
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6.1. Example 1: Inﬁnite long shear layer
In the ﬁrst example, the performance and signiﬁcance of the regularization eﬀect of the micropolar contin-
uum on mesh sensitivity is demonstrated by means of an inﬁnite shear layer, Fig. 1. This structure is similar to
the one presented by de Borst (1991). The shear layer is assumed to consist of a normally consolidated clay
under plane strain conditions in the z-direction. The bottom of the shear layer is ﬁxed and the entire layer
is prevented from moving in the y-direction. A monotonically increasing prescribed displacement is applied
at the top along the x-direction. The rotational degrees of freedom xz at both ends of the shear layer are
restrained. The height of the shear layer is 100 mm. In order to investigate the regularizing eﬀects of the micro-
polar degrees of freedom and of permeability of the two-phase material, two diﬀerent combinations of mate-
rial properties have been chosen for the simulations. One consists of only a single phase material in the shear
layer and another consists of a two-phase material in which the shear layer is fully saturated with water and
impermeable boundaries are imposed.
The Desai hierarchical constitutive model described in the previous section is chosen to simulate the mate-
rial non-linear response. The basic model parameters are: Young’s modulus E = 20 MPa, Poisson’s ratio
m = 0.2, n = 2.54 and c = 0.0044. In the simulations, parametric analyses are performed for various combina-
tions of the micropolar parameters lc, lc and lt.X
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Z
F
Fig. 1. Plane strain shear clay layer.
0.000
0.005
0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40
Displacement (mm)
Fo
rc
e 
(N
) 10
20
30
40
Fig. 2. Inﬂuence of number of elements on load deformation curve.
X. Liu et al. / International Journal of Solids and Structures 44 (2007) 2695–2714 2705In order to verify mesh insensitivity of the micropolar continuum, for the case of single phase material, four
ﬁnite element meshes consisting of 10, 20, 30, 40 elements respectively are examined, Fig. 3. The micropolar
lengths are lt = lc = 20 mm and the micropolar shear modulus lc = 5 MPa. The four deformed meshes, at the
same level of horizontal displacement, are compared in Fig. 4. The corresponding contours of eﬀective plastic
strain are shown in Fig. 5.
As the number of elements increases, the load–displacement diagrams in Fig. 3 exhibit proper convergence
to a unique solution. The same convergence is apparent in the deformation patterns in Fig. 4 and in the con-
tour plots of eﬀective plastic strain in Fig. 5. The localization zone occurs in the middle of the layer without
dependency on mesh reﬁnement.Fig. 3. Deformation patterns of the four meshes.
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Fig. 4. Eﬀective plastic strain distribution.
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Fig. 5. Development of eﬀective plastic strains along shear layer at diﬀerent horizontal displacements.
2706 X. Liu et al. / International Journal of Solids and Structures 44 (2007) 2695–2714In Fig. 5, the propagation of the localization band in terms of eﬀective plastic strains along the shear layer is
plotted sequentially for several horizontal displacements at the top of the layer. It can be observed that the
development of the plastic deformations in the layer starts from a homogeneous state and gradually changes
to a highly localized one.
The inﬂuence of lc and lc on the load–displacement diagrams is shown in Figs. 6 and 7. It is observed that
higher values of lc result to higher load carrying capability. However, the magnitude of lc cannot inﬂuence the
horizontal displacement value at the moment of the onset of strain localization.
In contrast to parameter lc, the values of lc can inﬂuence the horizontal displacement value at the moment
of the onset of strain localization, Fig. 7. Also, the magnitude of lc does inﬂuence the peak response of the
shear layer, but it does not increase the load carrying capability proportionally as the case of increasing
parameter lc, (compare with Fig. 6).
In order to demonstrate the problem of ill-posedness if no enrichment is applied, the same shear layer that
is used in Fig. 2 has been simulated by a classical continuum model. It is found that, without the beneﬁcial
eﬀect of regularization, strong mesh dependency appears, see Fig. 7 Load versus horizontal deformation
for diﬀerent values of Fig. 8.
For the case of the shear layer with the two-phase material, the mechanisms responsible for strain locali-
zation are diﬀerent than for the case with single phase material. The regularizing eﬀects for the two-phase
material in the micropolar continuum can be achieved both by the presence of the micropolar degrees of free-
dom and the permeability of the two-phase material model.
Fig. 9 shows the load–displacement diagrams of a two-phase shear layer in a micropolar continuum. It can
be observed that, for a pure shear loading condition, the combination of the micropolar degrees of freedom
and the permeability in the two-phase micropolar continuum can account satisfactorily for strain localization.0.00
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Fig. 6. Load versus horizontal deformation for diﬀerent values of lc.
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Fig. 9. Load versus horizontal deformation (two-phase micropolar continuum).
X. Liu et al. / International Journal of Solids and Structures 44 (2007) 2695–2714 2707According to studies, Loret and Prevost (1991), Schreﬂer et al. (1995, 1996), Liu et al. (2001) and Liu et al.
(2004b), in the case of two-phase material, numerical simulation of strain localization have evidenced that
mesh dependency is not as severe as in single phase materials. The reason is that in the governing ﬁeld equa-
tions permeability is included through Darcy’s law. So an internal length scale is introduced naturally, result-
ing thus to a regularization for strain localization.
For the same two-phase shear layer, without enrichment from micropolar degrees of freedom, the regular-
ization eﬀect due to the permeability is not enough to prevent mesh dependence. This can be observed from the
load–displacement diagrams in Fig. 10.
It can be concluded that even in the case of two-phase material in which some regularization is available
because of the interaction of the ﬂuid and the solid components, the micropolar formulation provides addi-
tional regularization in the case of shear dominant loading conditions.0.000
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Fig. 10. Load versus horizontal deformation (two-phase classical continuum).
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In the second example, a cubic 3D specimen is selected for the numerical simulations, Fig. 11. Two types of
dense sand are chosen for the analyses, a single phase dry one and a fully saturated one.
The ﬁnite element mesh consists of 20-noded brick elements. The material parameters have been derived on
the basis of triaxial tests on ‘Eastern Scheldt’ dense sand (Cheng et al., 2001) and are shown in Table 1. The
geometry parameters of the specimen are given in Fig. 11 and Table 1. The micropolar length lt = lc is
assumed. The Kw and qs in Table 1 represent the hydraulic permeability and dry density of the sand respec-
tively. Because of symmetry, only half of the specimen thickness is simulated.
A conﬁning pressure of 150 kPa is applied to all boundaries of the specimen and kept constant throughout
the analysis. Incremental displacements are applied on a rigid platen at the top of the specimen. The left, right
and front planes of the specimen can move freely in the normal direction of each plane. The bottom plane of
the specimen is constrained in the y-direction. In order to simulate the real test conditions, interface elements
are introduced at the top and the bottom of the sand specimen between the rigid platens and the specimen. By
adjusting the bond stiﬀness Dtt of the interfaces, the inﬂuence of the roughness of the platen on strain local-
ization within the specimen can be simulated.
The specimen consisting of dry dense sand is investigated ﬁrst. In order to verify mesh insensitivity of the
model, four ﬁnite element meshes with densities of 6 · 12, 10 · 20, 15 · 30, 18 · 36 elements respectively are
examined. The four deformed meshes, at the same level of vertical displacement, are compared in Fig. 12.
The corresponding contours of eﬀective plastic strain are shown in Fig. 13.
It is obvious that the mesh of 6 · 12 elements is too coarse for capturing localization correctly. As the spec-
imen is subdivided into more elements, localization is captured correctly and the thickness of the localization
zone converges to a ﬁnite bandwidth without dependency on mesh reﬁnement, Fig. 13.LOADING PLATEN
INTERFACE
X
Y
CONFINING 
PRESSURE
APPLIED DISPLACEMENT
L
B
Y
Z
Fig. 11. Schematic of 3D specimen geometry and loading conditions.
Table 1
Main material parameters and specimen geometry data
E (MPa) 79 m 1.795 Kw (m/s) 1.0e06
m 0.29 a1 3.28e03 qs(kg/m3) 2000
lc 8.0 b1 2403 Dtt ((N/mm)/mm2) 0.1
lc 0.01 d1 1.19e04 L (mm) 100
n 4.36 jc 0.035 B (mm) 50
c 0.155 j1 10.8 W (mm) 5
  6x12   10x20           15x30   18x36 
Fig. 12. Deformation patterns of the four meshes (single phase).
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Fig. 13. Contour plots of the eﬀective plastic strain in the four meshes (single phase).
X. Liu et al. / International Journal of Solids and Structures 44 (2007) 2695–2714 2709Fig. 14 presents, for various vertical displacement levels, the development of the total grain plastic rotation
strain in the specimen (18 · 36 elements mesh). Initially, the grain rotations concentrate mostly at the top and
bottom surfaces of the specimen, Fig. 14(a) and (b). At a vertical displacement level of 1.31 mm, four regions
of high grain rotation appear symmetrically around the center of the specimen. Two pairs of dominant shear
bands emanated from these and propagated towards the boundaries of the specimen, Fig. 14(c) and (d).
Finally, at a vertical displacement of 2.07 mm and beyond, severe grain rotations occurred symmetrically
around the center of the specimen while in the rest of the shear bands grain rotations diminish, Fig. 14(e)
and (f).
In order to investigate the signiﬁcance of the regularization eﬀects introduced by both, the micropolar con-
tinuum formulation and the two-phase formulation, the response of the same specimen but consisting of fully
saturated dense sand was also investigated numerically.
It can be observed that, under the combined regularization eﬀects of the two formulations, the localization
zone in the 3 D specimen converges to a ﬁnite bandwidth without dependency on mesh reﬁnement, Figs. 15
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Fig. 14. Contours of total grain plastic rotation strain at diﬀerent vertical displacements (single phase).
2710 X. Liu et al. / International Journal of Solids and Structures 44 (2007) 2695–2714and 16. In contrast to the single phase dry sand example, the strong regularization can even ensure the mesh
independence for the coarse mesh, see 6 · 12 mesh in Figs. 15 and 16.
Fig. 17 presents the development of the total grain plastic rotation strain in the specimen (15 · 30 elements
mesh) with saturated dense sand at various vertical displacement levels. Apparently, the grain rotational pat-
tern is inﬂuenced very much by the solid and ﬂuid interactions. In contrast to the single phase specimen in
Fig. 14, the shear bands are initiated and developed around the ends of the specimen with intense grain plastic
rotation strain occurring in the band near the loading platens, Fig. 17.
The shift of the concentration of grain rotation is related to the water suction in the specimen. As indicated
by Liu et al. (2004b), in the undrained test, due to the incompressibility of the ﬂuid, the tendency of the mate-
rial to dilate or contract will induce pore water pressure variation. The material dilatancy can build up water
6x12 10x20  15x30
0 10 20 30 40 50
20
30
40
50
60
70
80
90
100
110
0 10 20 30 40 50
20
30
40
50
60
70
80
90
100
110
0 10 20 30 40 50
20
30
40
50
60
70
80
90
100
110
Fig. 16. Contour of eﬀective plastic strain (two phase).
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Fig. 15. Comparison of deformed mesh (two phase).
X. Liu et al. / International Journal of Solids and Structures 44 (2007) 2695–2714 2711suction in the specimen. As the vertical displacement is increased, more dilatancy is created around the central
part of the specimen causing thus higher water suction in this area. This higher water suction results in an
increase of the shear strength of sand and thus to a reduction of the level of plastic deformation in the center
of the specimen. Consequently higher plastiﬁcation occurs in the regions near the loading platens accompanied
by larger grain rotations, Fig. 17.
The load–displacement curves in Fig. 18 exhibit proper convergence to a unique solution both in a single
phase (dry sand) and a two phase (saturated sand) material simulation.
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Fig. 17. Contours of total grain plastic rotation strain at diﬀerent vertical displacements (two phase).
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Fig. 18. Load–deformation curve for specimen with diﬀerent phase assumption.
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In this contribution, the formulation of the Desai hierarchical concept on the basis of a micropolar contin-
uum theory introduces the necessary regularization aspects for utilization of the model in studies of post peak
response.
The developed formulation provides an easy means for extension of most J2 and/or J3 plasticity models to
micropolar continua ensuring thus their mesh independency.
For shear dominant problems in (partially) saturated soils, a micropolar formulation compensates for the
absence of length scale parameter and introduces the necessary regularization.
It is the interplay between the micropolar parameters such as lc, lc and lt and the permeability of the porous
medium that determine the formation and evolution of strain localization patterns.References
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